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NOTATION 
Beam cross-sectional area 
Coefficient in a cosine series 
Coefficient in a sine series 
Constants 
Integration constants 
Modulus of elasticity 
Constant = yE 
External force, function of x and t 
Second moment of inertia of the beam 
f 2 cross-section = jZ dA 
Constant = J*Z dA 
Ratio of (E J) to (E I), Constant 
Differential equation for which y is the 
dependent variable 
Bending moment 
Radius of curvature of the beam elastic line 
A function in (t) only 
Shearing force 
A function in (x) only 
Coefficient in a cosine series , also undetermined 
parameters 
Coefficient in a sine series 
Arbitrary amplitude 
Undetermined parameters, constants 
Vlll 
Distance from the origin 
A given displacement at the start of the motion 
A given velocity at the start of the motion 
2 
Gravitational acceleration, 32.2 ft/sec 
Imaginary unit 
An index 
Radius of gyration of the beam element about an 
axis through its center of gravity 
Total length of the beam 
IT 
Constant = — 
An index. Subscript meaning mode number or 
approximation number 
Natural frequency of the linearized equation of motion 
Natural frequency of the non-linear differential 
equation of motion 
A positive integer3 an index 
Time 
Initial velocity 
Weight of beam per unit length 
A distance on the x-axis 
Beam deflection 
First, second, ..., etc. derivatives of y with 
respect to x 
Assumed approximate solution 
Differentiation of y with respect to t, velocity 










( l b sec / i n 
2> 
<J ( lb /sq . i n ) 
T 
Dimensionless constant 
A small portion of the beam 
Strain referred to the median line of the 
undeformed beam 




Mass of beam per unit length 
Stress 
Period of oscillation 
Slope of the deflection curve 
A function in x and t 
X 
SUMMARY 
In this study, the Bernoulli-Euler equation of bending of beams 
is first reformulated to include the effect of the non-linear elastic 
properties of a material. The properties of the material are expressed 
by a stress-strain relation of the form 
o = .E(e-ye' ) 
of which y is constant. 
Next the complete formula of the radius of curvature is used and 
a non-linear differential equation of motion Is obtained. . This equation 
Is expanded to fifth order terms. 
Galerkin's variational method is applied to the non-linear dif-
ferential equation of motion and the natural frequency is determined. 
Application of the method to the simply supported beam as well as the 
cantilever beam is discussed. The four possible combinations of-lin-
earized and non-linear curvature and stress-strain relation are pre-
sented. 
For each case, a frequency equation is obtained showing the 
natural frequency of the non-linear system as related to the natural 
frequency of the linearized system for an arbitrarily chosen ampli-
tude. A numerical example is given and the frequency curves are 
discussed. 
XI 
One major result of this study lies in the verification of the 
fact that added non-linear terms to the equation of motion influence the 
shape of the amplitude versus frequency curve. These terms limit the 
infinite increase of amplitudes predicted by the linear theory. 
A second result lies in the comparison of the effect of non-linear 
curvature and non-linear stress-strain relation on the natural frequency. 
A third result consists of the comparison of the choice of two 
assumptions for the approximate solution. 
The fourth result reveals the insignificant effect of the added 
fifth order terms, thus indicating that third order terms are sufficient 




1,1 Definition and Scope of the Problem 
The subject of the present study is the determination of funda-
mental natural frequency of beams with the inclusion of the non-linear 
effects. This problem is of considerable importance in the design of 
a great number of engineering components. It includes the analysis of 
aircraft wings, high speed aircrafts, space boosters, etc. The trend 
of this research is linked with the solution of one of the basic prob-
lems, that of resonance determination (i.e., to move by proper choice 
of the operating conditions away from a position at which detrimental 
vibrational effects would occur). 
The mathematical solution of straight uniform beams in simple 
bending which contains trigonometric and hyperbolic functions is well 
known [1] . The use of a linear differential equation to describe the 
beam vibratory motion, amounts to certain restrictive assumptions of 
linearity. It is adequate only if the occurring amplitudes can be con-
sidered small. With increasing amplitudes, the influence of the non-
linear effects becomes more and more apparent. 
* Figures within brackets refer to items in the Bibliography, 
See page 93. 
2 
1.2 Types of Non-Linearities 
The elementary theory of bending of beams does not account for the 
beam non-linear effects. Beam non-linearity takes place In the formula-
tion of the equation of motion due to one or more of the following: 
1. Non-Linear Curvature 
According to the Bernoulli-Euler equation [2], the bending moment 
M of any portion of the beam is proportional to the change In the curva-




in which — is the curvature of the beam center line, E Is the modulus of 
K 
elasticity, and I is the moment of Inertia of the beam cross-section, 








A combination of Equations (1.1) and (1.2) results In a second 
order non-linear differential equation 
M 
EI 









In the classic theory of bending of beams the term (-ĵ-) is 
neglected as being very small compared to unity, provided the deflection 
is small compared to the length of the beam. This assumption can lead 
to large errors when applied to conditions involving large deflections* 
Euler, who is credited with the beam equation, has discussed several 
-d 2 
problems in which he retained the term (~r~) [3]. Euler investigated 
the deflection of a cantilever beam due to vertical load at the free end. 
His results exhibit a hardening characteristic. 
2. Non-Linear Stress-Strain Relation 
The classic theory of pure bending in which the bending stress is 
calculated by the formula 
M-Z ,n , , 
a = - T- (1.4) 
was developed on the basis of two assumptions; first, that plane cross-
sections of the beam before bending remain plane after bending, and 
second, that Hooke's law is valid* These two assumptions reveal that 
the theory is good only for linear stress-strain characteristics of a 
material. A typical indealized stress-strain curve for an elastic 
materials however9 shows some deviations as exhibited in Figure 1* 
For small values of a, the relation is a straight line indicating 
direct proportionality in accordance with Hooke's law. Reduction of the 
stress to zero within the segment 1 - 2 causes the strain to revert to 
zero also. Beyond point 2, there is a portion of the curve 2 - 3 over 
which the variation of a with e is non-linear, but reduction of o to 
4 
zero still causes £ to vanish. It follows that within the elastic 
deformation of a material, the non-linear elastic properties can also 
be considered for an elastic material with linear properties. Beyond 
point 33 the stress strain variation is non-linear, but reduction of 
Strain (e) 
Figure 1. A Typical Stress-Strain Curve for an Elastic Material„ 
a to zero results in a non-zero residual strain. 
Several authors [M-] have expressed the stress-strain relationship 
mathematically by considering stress as a function of strain or vice 
versa. 
Ramberg and Osgood [5] showed that the formula 
e = a + K a (1.5) 
5 
In which K Is constant, is applicable to a wide variety of materials. 
Wang [6] proposed a stress-strain relation depending on the form of the 
cross-section of beams and the relative dimensions of the cross-section, 
Bolotin [7] assumed a relation In the form 
a = E(e - ye ) (1.6) 
In which y Is constant. He reasoned that for the majority of known 




< 0 (1.7) 
3, Non-Linear Damping 
This Is encountered due to the condition which has been experi-
mentally verified [8], that energy loss during vibrations depends not 
only on velocity, but on material internal friction as well. The latter 
Is usually called structural damping. 
M-. Non-Linear Inertia 
This is due to the assumption that In vibrations, every section 
of the beam goes through some longitudinal displacement of higher order 
in comparison to the beam displacement. The resulting distributed load-
ing due to the inertia forces acting on the beam would be equal to the 
mass times the acceleration. This load would slightly influence the 
shape of the vibration. 
In this study we shall limit ourselves to the first two cases of 
6 
beam non-linearity. These are referred to as non-linearities of static 
origin, whereas the last two cases are known as non-linearities of 
dynamic origin. 
1.3 Methods of Investigating a Solution 
The determination of the natural frequency often requires an 
elaborate analysis. Several methods are now widely used. The majority 
of these methods start with an assumed shape of the vibrating beam. The 
determination of the lowest natural frequency permits some freedom in 
the choice of an assumed deflection curve as long as it satisfies the 
beam end conditions. 
Lord Rayleigh [9] in his text on sound suggested an approximate 
method by which the fundamental natural frequency of a beam is determined 
with reasonable accuracy. The method is based on the equivalence of the 
maximum potential energy and the maximum kinetic energy. 
A second method originated by Stodola [10] allows the determina-
tion of all modes of vibrations. In this method, the differential equa-
tion is solved by iterative integration. It becomes quite time-consuming 
for higher modes of vibrations. 
A third method devised by Myklestad [11] is a sequence of calcu-
lations whereby the beam is divided into a number of segments and the 
distributed mass of each segment is replaced by a discrete mass at the 
center of gravity of the segment (lumped mass method). 
The above methods have been widely used in solving vibration 
problems described by linear differential equations. ' Several analytical 
methods are also available for the evaluation of the non-linear differ-
7 
ential equations. For a complete survey of the subject the reader Is 
referred to references [12] and [13]. 
For the present problem Galerkin's variational method is employed. 
This method depends on minimizing the error averaged by integration. 
Duncan [14] has shown that the use of GalerkinTs method for solving 
beam vibration problems is equivalent to the application of Rayleigh's 
principle. 
1.4 Approach to the Problem 
The non-linear bending equation of motion of beams, with the 
effect of an assumed non-linear stress-strain relation, is derived In 
Chapter .II. The exact formula of curvature is used to evaluate the 
Bernoulli-Euler equation of bending. Four possible combinations of 
curvature and stress-strain relation are discussed. 
In Chapter III, the linearized equation of motion is solved by 
Bernoulli's separation method. The application of the general solution 
in calculating the fundamental frequencies is discussed for the simply 
supported beam and the cantilever beam. 
Chapter IV gives the solutions of the non-linear differential 
equation of motion. Galerkinfs method is explained and applied to the 
equation of motion. The non-linear natural frequency is determined as 
a function of the natural frequency of the linearized system and an 
arbitrary amplitude. Chapter V outlines the results obtained. 
In the Appendix, a numerical example is given, and frequency 
curves are presented. These curves exhibit soft restoring character-
istics . 
CHAPTER II 
EQUATION OF MOTION 
2.1 Derivation of the Basic Equation of Motion 
Let us assume that a uniform beam, fixed horizontally in any 
manner, is oscillating in one plane containing one of the principal 
axes of inertia of the beam cross-section. Let the x-axis be taken 
along the center line of the beam in its unstrained position and the 
y-axis perpendicular to the x-axis in the plane of motion, Figure 2. 
£ 
(a) Simply Supported Beam 
Figure 2 
x 
~H dx K" 
I 
(b) Cantilever Beam 
The Vibrating System. 
Let Q and QT be two points on the central line of the beam. The 
length QQ' represents an element dx. At any instant of motion, let the 
inclination of the beam center line at these points with respect to the 
9 
x-axIs be cf> and (<j> + dcf>), Figure 3. Since the position of point Q 
varies with time, the vertical displacement y is a function of t at a 
given x. But y is also a function of x at any particular instant; 
32v hence, y is a function of x and t, and the acceleration is — i - . The 
3t 
^Qd-i + di>) 
Figure 3. Beam Center-Line 
component of the acceleration in the x-direction will be ignored as 
32 
being of small effect in comparison with (—-̂ -) . 
3t 2 
The slope of the beam center curve is tan 
small, it is approximately 
= 7T- and if <b is 
dX 
tan <j> = 8x 
(2.1) 
10 
Let V and M denote the shearing force and the bending moment at 
point Q, (V + dV) and (M + dM) denote the shearing force and the bending 
•moment at point Qf. Let w be the weight of the beam per unit length. 










(M + dM) 
i (v + dV) 
— — — — — — — — - — - — ~ ~ — - — - ^ » _ ~ ™ _ _ _ _ _ . — _ _ » — _ _ — . — _ — : ; _^. x 
Figure 4-. Free Body of a Beam Element 
element Q Q', and assuming that there are no forces acting on the 
element dx except the shearing force and the bending moment at its 
ends, we get 









To get the relation between V and M, we consider the moments about 
the center of gravity of the element dx. To do this, we must pay atten-
tion to the fact that during bending vibrations, the cross sections of 
the beam are not only displaced normally to its length (displacement y), 
but they also rotate by an angle § given by the slope of the deflection 
3y at the corresponding point; i.e., 
3x 
The angular velocity and acceleration follow from Equation (2.1) 
32y M. = 





Summing moments about the center of gravity of the element Q Q' 
we get, for the motion of this element 
2 
I ^ t [(V+dV) + V] cos <j> l~l - dM = 0 
at 
( 2 . 4 ) 
where I is the moment of inertia of the beam element about an axis 
through its center of gravity perpendicular to the beam center-line. If 
k denotes the radius of gyration of a section of the beam about the axis 
12 
through its center of gravity perpendicular to the plane of motion, then 
I = p (dx) [k2] 
Neglecting small quantities of higher order in the Equation (2.4) 
we arrive at 
[p (dx) k2] ^-|- + V(dx) - dM = 0 
at 
Dividing the last equation all through by dx,. the result becomes 
r ,.2n 3 4 „ 3M 
[p k ] —J - + V - — = 0 
3t2 3 X 
which, when in the limit becomes 
3M „ . 2 3"d) 





Differentiating Equation (2.5) with respect to x, we get 
3 M _ 3V_ k 2 _3_ 




( 2 . 6 ) 
Now making use of Equat ions (2 .2 ) and ( 2 . 3 ) , t h e Equation (2 .6 ) 
13 
becomes 
2 2 4 
9 M 3 y ,.2 3 y 
— — = _ o J + n k *• 
2. P 2 M 2 2 








9 Y v2 3 y 
2 2 2 
9t 3x 3t 
(2.7) 
The last term in Equation (2.7) is due to the rotary inertia of 
the beam. if the beam is thin k is smalls then the term due to the 
rotary inertia in the above equation is small compared with the other 
two terms in the equation of motion for ordinary beam. It has been 
shown by Rayleigh [15] that added terms in the equation of motion due 
to rotary inertia influence the vibrations significantly at higher 
modes. At lower frequencies they are insignificant and may be omitted, 









where p is the mass per unit length of the beam, 
M is the bending moment, and 
y(x9..t) is the :deflection. 
14 
When beams are short, further changes must be made to Equation 
(2.8). The shearing force will also contribute to the deflection of the 
beam* The relative contribution being greater the shorter the beam [16], 
2.2 Evaluation of the Bending Moment 
Let us assume the properties of the beam material to be expressed 
by the relation (1.6), which states that 
o - E(e - ye ) 
where a is the stress, e is the strain, and y is a dimensionless con-
stant . 
Assuming plane sections to remain planes it is 
M = / a Z dA 
A 
(2.9) 
where the integration is taken over the entire normal cross-section, 
With 
* 3 * Z 
a = Ee - E e where E = yE, and e = — 
K. 
we obtain 
a - E(|) - E"(|) (2.10) 
15 
Equations (2.9) and (2.10) yield 
Figure 5. Strain of Beam Element. 
M = / [E(|) - E*(£)J Z dA , or 
EI _ E_J 
" R ~ R 3 
(2.11) 
C 2 
where I = J Z dA 
A 
r M-J = j Z dA 
A 
1 
Replacing — by its value from Equation (1.2), we obtain 
16 
M = E I 
3 
r 2 " ^ " 
:y"( i+y ' ) 
- E ' \ J 
9 
3 2 _ 2 ~ 
y" ( l + y 1 ) 
(2.12) 
where the prime Indicates differentiation with respect to the variable x 
Differentiating Equation (2.12) with respect to x, we get 
f = E I 
dX 
_i _ i 
2 2 
y'M+y'2) - 3 y'y'^d+y'2) 
- E J 
-1 _ il 
2 ' 2 
3 y"3 y"1 (l+y'2) - 9 yT y"4(l+y,2> 




= E I y (l+y' ) 
1 _ 5. _ 1 
2 2 2 
- 9 y' y» y'" (l+y'2) - 3 y"3(l+y'2) 
+ 15 y"2 y"3 (l+y'2) 
7 i 
2 
- E J 
_£ î 
2 2 
6 y" y,!,2(l+y'2) + 3 y"2 y1V(l+y'2) 
la 
2 
63 y' y"3 y m (l+y'2) - 9 y"5(l+y'2) 
1^ 
2 




Making use of the Binomial Theorem, we expand the quantities 
U+y ' 2 ) 
- ( ^ ) 
f - 1 , 2, 3, 




= E I 
1 V n 3 ,2 15 ,4 1 
y [ 1 - - y 1 + — y ' . . . ] 
S 9 3 5 U-
9 y« y" y'" [ 1 - | y ^ t ^ - y ' 4 . . . ] 
- 3 y"3 [ i - f y'2 + f-y'1 4 . . . ] 
, i r t 2 H3 n 7 I 2 _, 6 3 ! *+ 
+ 15 y f y " [ 1 - — y 1 + -r— y ' y
1 " . . . ] 
E J 6 y» y» Ci - ^ y ' 2 + ^ - y ' 4 . . . ] 2 y + ~ y 
+ 3 y" y 
„2 i v r _ 9 ,2 99 .4 -, 
" y [ 1 - - y + -7T y ! • . . ] 
- 63 y ' y " 3 y ' " [ l - ~ y < 2 + ^ y * 4 . . - 3 
_ t I 5 r . 11 f2 143 ,4 -. 
9 y" [ 1 - — y ' + — y ' . . . ] 
18 
™ f2 „5 rn 13 ,2 195 ,4 -. + 99 y' y" [1 - — y' + — yr . ..] 
We obtain the first non-linear approximation by retaining terms 
of the third order in the expansion. The second non-linear approximation 
is accomplished by retaining third and fifth order terms in the above 
equation. Neglecting higher order terms, we arrive at 
2 
8 M 
a 2 dX 
E I y1V- E I [ |y 1 Vy' 2 - 9 y' y" y'» + 3y"3] 
r 15 IV ,4 45 ,3 „ ... 
[ — y y' + ~ y ' y" y!" 
+ — y' y" ] 
- E J 
2 2 iv 
[6 y" y'" + 3 yn y ] 
[27 y'2 y" y'"2 + |^y* 2 y"2 y1V 
t y t f 3 yl l t + g y t t
5 ] + 63 yT y" y 
The first term in Equation (2.13) corresponds to the usual linear 
approximation in the theory of bending. 
A substitution of Equation (2.13) into the equation of motion 
(2,8) , yields 
P ^ = E I y l v - E J [ l y l vy' 2 + 9 y' y" y m + 3 y' ,3 ] 
8t 
^ _ _ r15 iy ,4 ^ 45 ,3 „ „. 45 t2 ,,3-, 
+ E i [— y y ' + — y y y + — y y ] 
ft 2 iv 2 
- E J [6 y" y m + 3 y y " ] 
ft o 2 27 2 9 i v 
+ E J [27 y ' ^ y" y»» + ^ y ' ^ y»^ y 
+ 63 y 1 y " 3 y ' " + 9 y " 5 ] 
Rearranging the terms, we get the non-linear bending equation of 
motion 
y
l v + xHy = [ | y 1 Y y ' 2 - 9 y ' y" y m + 3 y " 3 ] ( 2 . 1 4 ) 
r15 iv 4 45 ,3 „ tll 45 ,2 „3n 
- C-Q- y y? + — y y y + — y y ' l 
+ K [6 y , ! y " ' 2 + 3 y1V y " 2 ] 
2 2 27 2 
- K [27 y ^ y» y '" + ^ y ' ^ y» 
2 i v 
y 
+ 63 y ' y " 3 y1" + 9 y " 5 ] 
20 




On the right hand side non-linear terms of third and fifth order 
are presented,, Setting the right hand side equal to zero yields the 
linearized problem. 
2.3 Forms Derivable from the Differential Equation of Motion 
If the equation of motion (2.14) is to be linearized by neglecting 
the non-linear stress-strain effect and the non-linear terms in the cur-
vature expressions the equation of motion is 
I V u .. • 
y t A y = 0 (2.15) 
2 Linearizing the curvature expression by neglecting the term y' m 
Equation (2.12) as being very small compared to unity, and retaining the 
non-linear stress-strain relationship, the equation of motion yields 
2 2 




1 V t A4y = K [6 y" y " ' 2 + 3 y " 2 y1V ] ( 2 . 1 6 ) 
Retaining the non-linear terms in the curvature expression and 
21 
linearizing the stress-strain relationship; i.e., y = 0, the equation of 
motion will be 
y1V + X4y = [ | y 1 V y ' 2 + 9 y ' y" y"« + 3 y " 3 ] ( 2 . 1 7 ) 
r15 iv .4 _,_ 45 .3 „ „, ,45 ,2 ,.3-, 
- C-Q- y y' + — y y y + — y yn ] 
where higher order terms, above fifth, are neglected. Equation (2.17) 
can be attained by equating K to zero in Equation (2.14). 
Finally we have Equation (2.14) which includes the non-linear 
stress-strain effect as well as the non-linear curvature. 
Since the assumed stress-strain relation is of the third power; 
3 
i.e., e" , the right hand side of Equation (2,16) will always yield third 
order terms,. Fifth order terms appear in the right hand side of Equa-




3c.I General Solutions 
Equations (2.14), (2.15), (2,16), and (2.17), previously derived, 
possess periodic solutions y(x,t). The theory of differential equations 
requires that such periodic solutions be unique once the initial condi-
tions of displacement and velocity are specified. Non-periodic solutions 
can also be verified, but for the present problem, only periodic solu-
tions are investigated. 
Let us first consider the linearized differential equation of 
motion 
y" + A
4y = 0 
k p 
where A = •£=• . With Bernoulli's separation method, the solution is 
Li 
assumed in the form 
y = X(x)»T(t) (3.1) 
where X and T are functions of x and t, respectively. Substituting 
Equation (3.1) Into Equation (2.15), we obtain 
T <£x + x*x A = 0 
dx dt 
23 
Dividing the above equation by XT and re-arranging the terms, we get. 
A 
1 1 d X 
_ _ 9 9 
4 X dx 
2 




The independent variables are now separable, and since the right 
hand side Is a function of x and the left hand side a function of t, each 
2 
side must be equal to a constant, say (p ). 
1 s 1_ d__X 
.4 * X "4 A dx 




Equation (3.3) may be separated into two independent equations in 
X and T. 




d X 4_2V _ n 
— - — A P X = 0 or 
dx 
d X ^v 
— - — m X = 0 dx 
(3.5) 
4 4- 2 
where m = A P 
The general solution of Equation (3.4) is 
24 
T (t) = a cos P t + b sin P t (3.6) 
n n n n n 
where a and b are constants depending on the Initial conditions of 
n n 
displacement and velocity at the start of the motion. This solution is 
2 2 restricted to positive values of P . If P < 0 the solutions for T(t) 
cannot be periodic. 
Equation (3.5) Is a fourth order ordinary homogeneous differential 
equation. The solution can be assumed In the form 
X = erX (3,7) 
Substituting Equation (3.7) Into Equation (3.5), we get the characteristic 
equation 
4 4 -
r - HI = 0 (3,8) 
which has the roots 
r = m, -m9 im9 -Im (3.9) 
where i = /-T s and the solution of Equation (3„b) becomes 
*,/ \ T> nix ^ -mx _ lmx -p, -imx , „ .„. 
X(x) = D e + D e + D e + D e (3.10) 
in which D 3 D , DQ, and D are integration constants. 
25 
Equation (3.10) can be written in another form in terms of trigo-
nometric and hyperbolic functions as: 
X(x) = C. sin mx + C„ cos mx + C_ sinh mx +.C. cosh mx (3.11) 
1 2 d 4 ' ' 
where C s C , C » and C are constants to be determined in each particu-
J_ A. O H* 
lar case from the boundary conditions of the beam. 
By superimposing all possible normal vibrations, the genera.! solu-
tion of the linearized equation of motion becomes 
y(x,t) = V X (x) [a cos P t + b sin P t] (3.12) J ' ' L • n n n n n 
n=l 
The application of the above equation in calculating the funda-
mental frequencies will be discussed for the simply supported beam and 
the cantilever bearn. 
3c2 Simply Supported Beam 
Let us first determine the constants for the simply supported 
beam. The end conditions in this case are: 
1. y(Ost) = 0 at the end x = 0 
2. y(£9t) = 0 at the end x = £ 
3. at x = 0 M = 0; i.e. , y" = 0 
o Jo 
4. at x = £ M = 0;- i.e., y" = 0 
where M is the bending moment at the respective ends of the beam, 
Applying the end conditions to Equation (3.11), we get 
from condition (1) 
c2 + c4 -- o 
applying condition (3), we get 
c4 - c2 = o 
hence 
c2 = c4 * o 
and Equation (3.11) reduces to 
X(x) = C sin mx + C sinh mx 
from conditions (2) and (4-), we obtain 
C sinh m£ + C sin mX, = 0 s and 
O -L 
C„ sinh m£ - Cn sin m£ - 0 o 1 
26 
for the non-trivial solution, the above equations are satisfied for 
sinh (m£)esin (m£) = 0 
27 
and since sinh (m£) cannot be zero, then 
sin (m£) = 0 (3.13) 
which is the frequency equation for the simply supported beam. The roots 
of this equation are 
m£ = n?r n = 1, 29. . . (3014) 
Substituting for m its value from Equation (3.5), we obtain 
4 4 4 4 
^2 n it nir ,EIN 
p = = • t—) 
n 4 4 4 o 
n £ A I P 
of which the n a t u r a l frequency i s 
P
n = T \ f f n = l ,2 , . . . (3.15) 
The c o r r e s p o n d i n g p e r i o d of o s c i l l a t i o n w i l l be 
2TT 2£ 




The shape of the deflection -curve for the various modes of vibra-
tions is determined by the displacement function., Equation (3<,11). For 
28 
the simply supported beam s the displacement function takes the form 
X = C sin nix 
n 
where C are constants. 
n 
nir . . . . 
If m is replaced by its value — 9 we obtain an infinite number of 
£ possible vibrations of sinusoidal shape 
X = C sin ̂  (3.17) 
n n I 
Figure 6 presents the first four characteristic functions for the simply 
supported beam. 
The general solution of the equation of motion for the simply sup-
ported beam is now obtained from Equations (3.17) and (3,12). 
y = T s i n ££*. [A cos P t + B s i n P t ] (3 .18) 
\ £ n n n n 
n=l 
In which A and B are constants depending on the initial conditions at 
n • n • r 
time t = 0. 
Assuming that the initial conditions are given by 
y = f(x) at t = 0, and (3.19) 
dy _ f , , at t = 0 
dt " V X J 
29 
s ~4$r 
M * * l 
Fundamenta l 
p! - 4 J EI_ P 
Second Mode 
p
2 = &% 





2/ / E I P 
F o u r t h Mode 
P = (^L) ' 
M- l £ ; 
EI_ 
P 
Figure 6.. Shapes of the First Four Characteristic Functions 
for a Simply Supported Beam. 
30 
Substituting Equations (3.19) into Equation (3.18), we obtain 
y = I An sin H i = f ( x ) ( 3 . 2 0) 
n=l 
%= l [P E ] s i n H H = f l ( x ) 
d t L- n n Jl 1 
i i = l • 
TlTT X 
Multiplying Equations (3.20), both sides, by sin — — and making use of 
the orthogonality conditions to evaluate the coefficients, we obtain 
2 £ 
A = — j f(x) sin —-— dx . and 
n I J I 
o 
£ _ 2 1 r , mrx A 
" I ' F~ J l^x) Sln ~T" 
n o 
Assuming that in the initial moment t = 0 the axis of the beam is 
straight and that due to impact an initial velocity, say v, is given to 
a short portion 6 of the beam at the distance d from the origin. Then 
y = f(x) = 0 , and (3.22) 
f (x) also is equal to zero at all points except the point x = d for 
which f (x) = v. 
Substituting this into Equations (3.21), we obtain 




2 1 , _, nird B n = I ' — (V*6) s i n 1 ~ 
n 
Substituting equations (3.23) into the general solution of the 
simply supported beams Equation (3.18), we get 
V . niTX r 2 ( v 6 ) . n-nd . _ .-, y = i s i n —jr~~ l~—;r"^— s i n ~ — sin P_tJ 
n=l £
 L£ P £ 
(3.24) 
If d = £/2; i.e., the impact is produced at the middle point of 
the beam span, we obtain 
y = — (v6) 1 . .TTXv . _ . — sin (—) sin P t (3.25) 
1 . 3TTX _, ^ 1 . 5TTX . _ ^ 
7— s m —r— s m P' t + t-~ s i n —r— s i n P c t 
P 0 £ 3 P r £ 5 
3 b 
3.3 Cantilever Beam 
If the origin is taken at the clamped end of the beam, the end 
conditions for the cantilever beam will be: 
1 . a t x = 0 y ( 0 , t ) = 0 
2 . a t x = 0 y ' ( 0 , t ) = 0 
3 . a t x = £ y " U , t ) = 0 
4 . a t x = I y r " ( £ , t ) = 0 
32 
Applying the above boundary conditions to the displacement func-
tion, Equation (3..11), we obtain: 
from condition (1) 
C_ + C = 0 , or (3.26) 
z 4-
C = -C L2 S 
Applying condition (2), we get 
C 1 = - C 3 (3.27) 
Eliminat in£ C„ and C from Equation (3.11), and applying condi-
tions (3) and (4), we obtain 
C [sin m£ + sinh m£] f C [cos m£ + cosh m£] = 0 , and 
C [cos m£ .+ cosh m£] + C [sinh m£ - sin m£] = 0 
(3.28) 
Eliminating C, and C In Equations (3.28), we obtain the charac-
teristic equation of m£ 
1 + cosh (ml)' cos (m£) = 0 (3.29) 
Equation (3«-29) determines m£, and therefore determines the fre-
quency p, since all other quantities involved in m are known. This 
33 
equation can be solved graphically. Let 
yn = cos m£ , and 1 
(3.30) 
y =-l/(cosh m£) =-sech m£ 
The roots of Equation (3.29) will be abscissas of the points of 
intersection of the two curves y and y , Figure 7. There is an 
y = -sech m£ 
Figure 7. Graphical Solution of the Equation, 
(1 + cos m£ cosh mi - 0) 
infinite number' of roots of the frequency equation. The first three 
roots are nearly 
34 
m£ = 0 . 6 T T s 1.J+94TT , 2 . 5 Q T T ( 3 . 3 1 ) 
Since sech m£ becomes quite small for large values of m£, the 
higher modes are given with satisfactory accuracy from the equation 
cos m£ = 0• , or (3.32) 
ml = (n - 1/2 )TT 
The second root, for example would thus be 1.50TT which differs slightly 
from the more correct value of the second root 1 .,49471". 




Pr> = ^ ~ • / ~ ( 3 ' 3 3 ) 
£ 
The period of oscillation corresponding to each value ,of P is 
given by 
x = ~ (3.34) 
Substituting the roots of the frequency equation into Equation 
(3.28), the ratio (C /C ) for the corresponding modes of vibration can 
be calculated, and the shape of the deflection curve is obtained from 
the displacement equation 
35 
X(x) = C [sin mx - sinh mx] + C [cos mx - cosh mx] (3.35) 
Figure 8 gives the shapes of the first four characteristic func-
tions for the cantilever beam. 
The general solution of the linearized equation of motion for the 
cantilever beam is now obtained by substituting Equation (3.35) into 
Equation (3.12). The result is 
y = J X (x) [A cos P t + B sin P t] (3.36) 
, n n n n n 
n=l 
where A and B are constants. 
n n 
Assuming the initial conditions at the moment t = 0 are given by 
Equation (3.19), to satisfy the initial displacement conditions, we 
must have 
y = f(x) = J A X (x) (3.37) 
u n n 
n=l 
and to satisfy the initial velocity conditions, we must have 
% = fn(x) = I (B P ) X (x) (3.38) 
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4.1 Method of Solution 
In calculating the fundamental frequency of a vibrating system 
governed by a non-linear differential equation, approximate methods are 
employed. Two methods are widely used. The first method is associated 
with Galerkin, the other one which is closely related to Galerkin's 
method is that of Ritz. This method [17], generally referred to as the 
minimizing method, is a further development of Raleighfs principle. 
Galerkin's method is usually known as the averaging method. They may 
be formulated in general terms as follows [18], [19]. 
Let . 
L (y) = 0 (4.1) 
be the differential equation to be solved, where y is a function of 
(x,t) and L is some differential operator of which the solution satis-
fies the given boundary conditions. 
L (y) = 0 can be considered to be the Euler equation of the cor-
responding variational problem 
I 2i\ 
E = / / L (y,y' ,y",. . . ,t) dx dt = minimum (4.2) 
o o 
38 
Assuming an approximate solution in the form 
n 
c r r yn(x9t) - I ^ i^(x,t) (4.3) 
v-1 
where i^(x,t) for r = l,2,...n are chosen functions each of which satis-
fies the given boundary conditions, and c are undetermined parameters. 
Introducing Equation (4.3) into Equation (4.2), the integral H 
becomes a finite set of equations in the unknown parameters c . These 
parameters are determined by the condition 
r - l92939...n (4.4) 
9c r 
(Minimizing Method) 
In order that y (x,t) be the exact solution of the given Equation 
(4.1), it is necessary that L (y) be identically equal to zero. This 
requirement is equivalent to the requirement of the orthogonality of 
the expression L (y) to all the chosen functions 
i|) (x,t) for r = l,293,...n 
and since we have n constants cn, coS c,,,..c . then we can satisfy n 
1 2 3 n J 
conditions of orthogonality expressed by 
/ / L [ y ( x 9 t ) ] ij> ( x , t ) dx d t ( 4 . 5 ) 
n 
= / / L [ I c . i f » . ( x , t ) ] [ifi ( x , t ) ] dx d t = 0 
j = l ] J r 
39 
for r = 1,2,3 ,. . . n 
(Averaging Method) 
Equations (4.5) serve to determine the coefficients c . 
In the case L (y) is non-linear, the n-equations of amplitude 
will also be non-linear. Once c is determined, then the approximate 
solution y (x.t) is obtained. 
n 
It can be shown [20] that the set of Equations (4,4) is equivalent 
to the set of Equations (4.5). Although the two methods lead to the same 
approximate solution, Galerkin's method makes possible the simpler and 
the more direct setting of the equations. In fact for applying it, one 
needs to know only the differential equation, irrespective of whether or 
not a variational expression exists [21]. For the present study we are 
going to follow Galerkin's procedure. 
The accuracy of the method depends on the choice of the functions 
ty and the number of terms used in the displacement function. Duncan 
[22], [23] has introduced sets of displacement functions of the poly-
nomial form which satisfy the beam geometrical end conditions. Rauscher 
[24] introduced displacement functions that depend on the elastic proper-
ties of the structure5 whereas Duncan's functions do not depend on a 
particular structure. Some advance knowledge of the expected solution 
will facilitate the choice of the functions and the quality of the solu-
tion. 
Klotter [25] has shown that a good choice is often possible by 
restricting the assumptions to one single term approximation. The com-
plexity of the problem increases with the number of terms in the solution,, 
40 
Since ib is a function of x and t, it is customary to assume 
ib (x,t) in the form 
r 
i{> (x,t) = X (x) [A cos P t + B sin P t] (4.6) r r r r r r r 
If only the natural frequencies P and the associated amplitudes 
X (x) are requireds then the function ib (x,t) may be simplified to 
ib (x-t) - X (x) [cos P t] or to 
r r r " 
ib (x9t) - X (x) [sin P t] r r r 
This procedure is correct if no damping is present. 
For the present study, the function ip̂ (x,t) will be considered as 
ib (x.t) •= X (x) [cos P t] for the linear system (4.7) 
r r r 
ib (x»t) = X (x) [cos q t] for the non-linear system 
where P is the natural frequency of the linearized equation9 and q is 
the natural frequency of the non-linear equation. The ratio of q to P 
will be furnished for both the simply supported beam and the cantilever 
beam. 
M-.2 Simply Supported Beam 
Let us assume a function 
41 
ty (x,t) = X (x) • cos P t r = 1,2,3 rr ' r r 
satisfying the simply supported beam end conditions 
i|> (o-,t) = 4> (£,t) = 0 
ty" (o,t) = \J>"U9t) = 0 
T P r 
Such solutions can be adapted in the form 
X -sin rmx such that 
r 
ip1 - (sin rmx) (cos p t) r = 1,2,3,... (4.8) 
where P is the natural frequency of the linearized equation of motion, 
r 
and m = -~ or, in the form [26] 
Jv 
3 4 
Xr(x) = •<£) - 2 (f) + (£•) for r = 1 
ands 
r+1 r+1 
X (x) .= (~) [1 - (£•)] for r > 2 
r JO Jo 
such that 
3 4 
^r = ̂  ~ 2 ( I } + (I } ] COS V r = 1 (^9) 
42 
r+1 r+1 
V = ( T ) C 1 " < T ) ] cos P t v > 2 Yr £ £ r 
The approximate solution then becomes 
n 
y (x,t) = I a ty (4.10) 
Jn 6n r r 
r=l 
A substitution of Equation (4.10) into the differential equation 
of motion, results in the following Galerkin condition 
2 IT 
£ P n 
I I L [ I a. ijj. (x9t)] [> (xst)] dx dt = 0 (4.11) 
6 o a=l ] 3 P 
which yields the set of equations for the unknown constants a.. 
4.2.1 Linearized Curvature and Linearized Stress-Strain Relation 
The differential equation of motion to be considered here Is Equa-
tion (2.15) or 
r f \ 1 V , 4 •• 
L (y) = y + A y = 0 
4 p 
where • A = ..=r=-
XJ JL 
Let us first consider the function ^ described by Equation 
(4.8), with one term approximation, we assume a solution 
y1 = a. sin mx cos pt (4.12) 
J1 1 
43 
Substituting y "into Equation (2.15), we obtain Galerkin's condition 
2TT 
1 P 
/ / Ey1V - XH ?Z Y l] [^] dx dt = 0 , or 
o o 
-iv ,4 Jl -
a1[m
4 - A4 P2] [|] [pi = 0 
from which we have 
4 4 2 
m - X P = 0 9 or 
4 4 
P2 - EL. - ±L ^1 
* A 4 " £4 ' p 
The natural frequency of the system is therefore 
2 
p = 7/ir (4-13) 
which is .identical with Equation (3,15). One can conclude that the 
choice of Equation (4-.8) yields the correct answer [27], 
Let us now consider the set of Equations (4-. 9). For n = 1, we 
have 
3 4 
Xx(x) = (j) - 2 (j) + (|) , and 
3 4 
^(x,t) = L(j) - 2 (j) + (j) ] cos pt (4.14) 
44 
The corresponding solution will be 
3 4 
1̂ = al C(f} " 2 (l ) + (T } ] COS pt ( 4 ° 1 5 ) 




/ J Cy^ - AH PZ yn] [^] dx dt - 0 
o o 
The above equation, when evaluated results in 
4.80 - AU £4 P2 (0.0492) = 0 
from which we have 
4 2 4 
A P £ = 97.5610 
and the n a t u r a l frequency w i l l be 
p = 9̂ 775 fn 
i2 V p 
whereas the exact value is 
_ 9.8696 / EI_ 
£2 / P 
A plot of the two displacement functions, Equations (4.8) and 
45 
(4.9), with one terra approximation, is shown In Figure 9. 
Let us now consider a two-term approximation; i.e., n = 2, 
we have 
3 4 
*i = C ( T } " 2 ( i } + ( r ) ] c o s P t -(4.17) 
3 3 
ip1 = (j) [1 - (£)] cos Pt 
and the corresponding approximate solution is 
y2 " ai ^1 + a2 ^2 (4.13) 
Substituting y Into the linearized equation of motion (2.15), we arrive 
at Galerkin's variational equations, 
2TL 
A P 




/ J L.(y2) ip2 dx dt = 0 
o o 
An e v a l u a t i o n of t h e s e two equa t ions r e s u l t s in 
a i / i v 4 2 
— J lf1 • y\>1 - A P ^ • ^ ] d x ( 4 . 1 9 ) 
2 o 
£ 
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a n d , 
a l « i v 4 2 
•— I [I /L • ij?.. - A P if> • i|;_] d x 
3-n 1 1 1 2 
2 o 
+ i C^V # ^2 ~ A P 2̂ " *2 ] dX = ° 
o 
substituting if; and ^9 in Equation (4.19) yields 
and 
ai r24 A 4 p 2 e4 -3±-i + r 6 ^ P 2 e4 3 i - n 
~7
 CT~ " A P £ 630"] + C35" " X P % l540"] " ° 
!i r^_ _ A
4 p2 a4 _I__i + r ^ - A
4 P2 £4 1 1 - 0 
a2
 L35 A P ^ 1540J + L35 A P £ 12012J " ° 
The characteristic equation will then be 
^-^ P 2^^ 2^f-^ P 2^^^-A%^^ 
or, when simplified, becomes 
2 
[A4 P2 £4] - 8479.3 [A4 P2 £4] + 816326.5 = 0 
and the roots of this equation are 
48 
j [8479.3 ± V68633222.49; ] 
The lowest root Is 
1 194 789966 
j (8479.30 - 8284.517034) = ^ = 97.3915 (4.20) 
and the natural frequency of the system will be 
P = i ^ J~K (4.21) 
This may be compared to the exact answer 
9.8696 /? £2  p 
Comparing the results of P obtained for one and two-term approxi-
mation j we arrive at 
2 4 4 
Exact Answer of P M = 97.4090 
Equation (4.8), One-Term Approximation = 97.4090 
Equation (4.9), One-Term Approximation = 97.5610 
Equation (4.9), Two-Term Approximation = 97.3915 
4.2.2 Linearized Curvature and Non-Linear Stress-Strain Relation 
Equation (2.16) is the differential equation of motion to be 
solved in this section, which for convenience is given here again 
L (y) = y1V + A4 y - K [6 y" y"»2 + 3 y"2 y1V] = 0 
49 
For y = a sin rax cos qt 





4 4 2 
(a m - a A q ) ( s i n rax cos q t ) 
O Q O O p Q 
K [6 . ( - a , m cos rnx s i n mx + 3a, m s i n rax)] 
1 1 
[(cos qt)] {sin mx cos qt} dx dt = 0 
where q is the natural frequency of the non-linear system. 
Making use of the definite integrals: 
I 
2 Z 
s i n mx dx = — 
£ 
. 4 




J s i n mx co$ mx dx = 4 i 
o 
2TT 
f ' ^ 2 . , . Tf, 





I c o s q t d t = — 
J -i i+ q 
o ^ 
50 
this results In the frequency equation 
r 4 .1+ 2-, £ 7T v ra, 3 8 I. ^ or 3 8 3 „., a [m - A q J — • K [6(-a. m • —) + 3(a_ m • — £)] 
x z q _i_ o J. o 
$$-° 
TT 4 £ 
Dividing the above equation by [— m a —3 the result is 
n A
4 2 ,,r 6 2 4 9 2 4.3 
1 - — q - K[- - ax m + - ax m ] - = 0 
m 
but — = ™ . Hence 
m P 
or 
q2 9 v 2 ^ 
1 - -̂77 - T7 K a, m = 0 
p2 16 1 
\ = 1 - rr K a, nt , and 
p2 16 1 
2 
q2 = P2 [1 - 54.78 \ ^ K ] (4.22) 
£ 
Equation (4.22) exhibits the behavior of a softening character-
istic where the frequency decreases as the amplitude increases. 
4.2.3: Non-Linear Curvature and Linearized Stress-Strain Relation 
Retaining the non-linear terms in the curvature formula and 
linearizing the stress-strain relation, the equation of motion yields 
L(y) = y1V + A4y - [| y1V y'2 + 9 y' y" y»" + 3y"3] (2.17) 
51 
r15 iv ,4 ^ 45 .3 „ ... ^ 45 .2 ,,3̂ , 
+ t-PT y y' + ̂ -y' y" y,M + -TT- y1 y" ] = 
The assumed approximate solution is 
y = a sin mx cos qt 
Sub stituting y1 into Equation (2.17) and requiring the resulting 





( a m 
4 2 
a A q ) s i n mx c o s q t 
r 3 3 6 2 . ^ . 3 6 2 
- I— a m cos mx s i n nix H a m cos mx s i n mx 
Q 3 6 . 3 -, 3 . 
- 3 a m s i n mxj cos q t 
, r15 5 8 4 . , 45 3 8 4 + |_-jr- a m cos mx sin mx + — a m cog mx 
o 1 2 1 
45 5 8 2 3 
sin mx - —r- a m cos mx sin mx] 
cos qt {sin mx cos qt} dx dt = 0 
Evaluating this yields: 
2TT 
4 M 
a m (1 
4 
—— q ) cos qt 
m 
3 6,3 
ai m (2 *-+9 
52 
Q 3£ , 4 5 8 ,15 £ M-5 £ 
3 . _ ) c o s q t + a i m ( _ . + . 
45 £ , 6 




J cos q t d t = — 
2JL 
, * 4 









we obtain the expression 
4 
1 - — q ] [a m • ̂  • -] 
m ^ 
r 3 n 3 6 3 TT-, 
l-^r- • £ • a m • — —] 




8 j _ 
2q 
1 = 0 
4 £ ir 
Dividing the above equation by [a, m • - • - ] , we obtain 
1 2 q 
, A4 2 9 2 2 ̂  15 4 4 
1 - — q " 32" al m + 12? Sl m = ° 
m 
or 
q 9 2 2 15 4 4 
7 " 32 ai m + 128 ai m = ° 
53 
where 
HL_ = P 2 
from which we have 
q2 _ n 9 2 2 15 4 4 
^ = X ~ 3^ ai m + 128" ai m 
and the natural frequency of the non-linear system will be 
2 4 
q2 = P2[l - 2.77 -~ + 11.40 -^] (4.23) 
•% I 
where the first term exhibits the fundamental frequency of the linear-
ized system. For increasing values of the amplitude, the ratio q/p will 
always decrease. 
4.2.4 Non-Linear Curvature and Non-Linear Stress-Strain Relation 
The equation of motion under consideration is 
L (y) - [y1V + A4y] - [| y1V y'2 + 9 y' y" y"' + 3 y"3] 
^ r 1 5 I V ,4 ^ 45 ,3 „ „, _,_ 45 .2 „3-. 
+ C-g- y y + — y y y ! + — y y l 
? IV 9 
- K[6 y " y m + 3 y ' ] 
+ K[27 y ' 2 y " y n , 2 + ^ - y ' 2 y " 2 + 63 y* y " 3 y"» + 9 y " 5 ] = 0 
54 
where 
v E J A K = ^r~ * a nd 
hi 
,H _ P 
X " El 
The first four brackets In the above equation have been already 
evaluated= To evaluate the last bracket, we use the same approximate 
solution 
y = a sin mx cos qt 
Following Galerkin's procedure, we get 
2TT. 
I q 
/ •/ [(Terms Already Evaluated)] 
o o 
+ K[27 y'2 y" y'"2 + |^-y'2 y1V y"2 + 63 y' y"3 y'n + 9 y"5] 






K [ ( - ) 2 7 ( a m cos mx s i n mx 
27 5 10 2 .3 ,0 5 10 2 . 3 + -T- a m cos mx sin mx + D3 a m cos mx sin mx 
5 10 5 5 
a m sin mx] cos qt {sin mx cos qt} dx dt = 0 
55 
After computing the integrals, we obtain 
-, .. 5 10 r „„ £ 27 £ rr, • & 5 n -. 7T 
] + K ax » C-27 — + _ • — + 63 • — - — i] — = 0 
Lj. Ty 
Dividing the above equation by [a m £ ~ — ] , we obtain an additional 
4 6 89 
term, K a m Ĉ ry) J a n^ "the complete frequency equation is 
, q 2 9 2 2 _ 1 5 - 4 4 9 v 2 4 89 ^ 4 6 
1 " ^ - 3 2 a l m + 1 2 8 * 1 m - l 6 K a i m + 3 2 K a i m = 0 
The natural frequency of the non-linear system is therefore 
2 4 2 
2 2 ai ai dl 
q = P [1 - 2.77 — + 11.40 ~ - 54.78 K — (4.24) 
JO )L A/ 
4 
ai 
+ 2672.16 -=-] 
£ 6 
The above frequency equation is but the summation of Equations 
(4.21), (4.22), and (4.23) with one additional term. The added quantity 
[— K a m ] is very small and will not effect the softening behavior of 
the system. 
A numerical example to be given in the Appendix will illustrate 
the amplitude-frequency relation. 
4.3 Cantilever Beam 
Let us assume the function 
\fj (x,t) for r = 1,2,. . . 
56 
satisfying the cantilever beam end conditions; i.e., 
ifj (o,t) = ifj'(o,t) = 0 
f'( £,t) = i|»,M U,t) = O1 
where the fixed end of the cantilever beam Is taken at the origin. 
The general solution of the linearized equation of motion is 
ty = [C (sin rax - sinh rax) + C (cos mx - cosh mx)] [cos pt] 
The application of these functions to the non-linear equation requires 
an elaborate analysis and the problem becomes complicated even with 
one term approximation. Without losing the general shape of the deflec-
tion curve and fulfilling the given boundary conditions, the functions 
ty can be selected in polynomial form. The choice of ty in polynomial 
form has the advantage that the process consists in the manipulation 
of small.functions. 
A proper set of functions is 
"p+1 r+9 
- Q+2)(r+3)(r+^) ,x/ _ r(r+3)(r+^) ,x_/ 




Another set of functions derived by Duncan [28] is 
57 
r+1 r+2 r+3 
^ = ±<r+l)(r+3) (~) - j r(r+3) (j) + ̂  r(r+l) (|) (4.26) 
Similar sets of functions can easily be derived, once the terms 
in the linearized solution are expanded into power series. Some advance 
knowledge of the expected answer of applying the above sets of functions 
would favor the selection of sets (4.25). In fact, if we restricted 
ourselves to ip , then Equation (4.25) makes a good choice. To obtain 
the same results from Equation (4,26) both \\> , and ^ are required. 
4.3.1 Linearized Curvature and Linearized Stress-Strain Relation 
Let us first consider r = 1, [29]; then Equation (4.25) becomes 
V x ) = § (f)2 - i f (!)3 + IT (!)5 (*-27) 
whereas Equation (4.26) yields 
V x ) = 2 (r ) 2 - 1 ( i ) 3 + k (r ) 4 (4-28) 
A plot of these two displacement functions is shown in Figure 10, where 
it can be seen that they differ only slightly. 
Let us now apply Equation (4.27) to the linearized differential 
equation of motion. The approximate solution is now: 
2 3 5 
t r20 ,x. 10 ,x. 1 ,x. -, y = a cos pt [— (r) - — (r) + 33- (T) ] 
Substituting y into Equation (2.15), Galerkin's condition yields 
1.0 
*x(x) 
V x ) - ^ ( i ) 2 - <ir> (f)3 + (IT) ( I ) 5 
¥*> • 2 (f)2 - 1 (f)3 + J ( i ) 4 
Figure 10. Graphical Presentation of Two Displacement Functions 









1 1 £5 
* p2cf # 10 ,x . 1 ,x , -, n (T} + i r (¥> ] 
(a-, cos p t ) 
2 3 5 -
, r20 ,x, 10 ,xN , 1 ,x, -, 
cos p t [— ( - ) - — ( - ) + — ( - ) ] 
dx dt = 0 





A4 P 2 (0 .2520)£ 4 ] a c o s 2 p t dt = 0 
Eva lua t ing the time f u n c t i o n s , t h e r e s u l t i s 
4 2 4 3.116 - 0.2 52 X P I - 0 ( 4 . 3 0 ) 
or 
„2 12.3650' EI p - . — 
* 4 p 
The exact value of the lowest natural frequency for the canti-
lever beam [30] is 
2 4 4 
P A I = 12.3624 
Let us now apply Duncan's functions using only fy , Equation 
(4.28). The approximate solution is 
2 3 • 
h = a i cos ^ [ 2 <T> - j (T> + F ( i } ] (4.31) 
60 
Substituting Equation (4.31) into the differential equation of 
motion (2.15), and applying the orthogonality condition results in 
p2 A4 £^ = 12.4659 (4.32) 
which compares with the exact value of 
9 4 4 
P A I = 12.3624 
Two-Term Approximations n = 2. A two-term approximation yields 
2 3 5 
. _,_ r20 ,x. 10 ,x< 1 /X. -, ,, 00< 
*i = cos P* CIT (7> " U ¥ + IT (£ ) ] (4-33) 
*2 = CGS P* [ f (I>3 - f (f)4 + f (f ) 5 ] 
and the approximate solution is given by 
y2 = a± K,1 + a2 ^. 
Substituting the expression for y into the system 
L (y) = y1V + X4y = 0 
we obtain the Galerkin conditions 
61 
il 
£ P _ 




J J L(y 2) il»2 4x dt = 0 
o o 
Two homogeneous equations are obtained and the roots of the com-
patibility equation yield 
P2 A 4 £4 = - 68.883952 + 81.246318 
The lowest root Is P2 \*. £4 = 12.362326, or 
p2 = 12.362326 . EI < , 
*4 P 
compared to the exact value of 
,,2 12.3624 EI 
P = ;—~ " 
nH p 
Duncan's functions with the two-term approximations 
*i = 2 ( r ) 2 " l ( r ) 3 + l ( r ) 4 (4-35) 
3 4 5 
10,x* 10.x. ,Xv 
h = T<J). ' T^I* + (i} 
presents the approximate solution 
62 
yield 
y2 = ax cos pt [2 fy - ± (i)' t i <£)" ] 
3 4 5 ^ r10 ,x. 10 .Xv ,xN -, + a2 cos pt [— (T) - - ( r ) + (r) ] 
Substituting y into the equation of motion, Galerkin's conditions 
2l. 
I P 




/ J L(Y 2) *2 dx dt = 0 
o o 
After computing the integrals, we get the roots 
P2 A4 £4 = 234.00 ± 221.6375 
where the lowest root exhibits the value 
P2 = iM62£ . EI 
i4 P 
whereas the exact value of the lowest root is 
^2 12.3624 EI 
r = ; • 
63 
Once the roots are known, the ratio a to a can be determined„ 
2 
Comparing the results of P obtained for one and two-term approxi-
mations, we have: 
Exact Value of P2 A4 £4 = 12.3624 
Equation:(4.25), One-Term Approximation = 12.3650 
Equation (4.26), One-Term Approximation = 12.4659 
Equation (4.25), Two-Term Approximations - 12.3623 
Equation (4.26), Two-Term Approximations = 12.3625 
From this we conclude that Equation (4*25) offers a good approxi-
mation. 
4o3„2 Linearized Curvature and Non-Linear Stress-Strain Relation 
cjv 2 
Neglecting the term (̂ -) in the curvature formula, and retaining 
dx . 
the non-linear stress-strain relation, the equation of motion becomes 
L (y) = y1V + X4 y - K[6 y" y1"2 + 3 y"2 y1V] = 0 (2.16) 
The assumed approximate solution is 
2 3 5 
_̂  r20 ,x. 10 ,x, 1 ,xA .. y = a cos qt [33- (r) - — (r) + JJ (r) ] 
Substituting y into Equation (2.16) and applying the orthogon-





4 2 3 2 2 3 5 ai c o s qt 
[120x -. X4 PZ (20JT x^ - 10*/ x^ + x)1 [— ] 
11£ 
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6K [ ( 4 0 £ 3 - 60X2 x + 20 x 3 ) ( - 6 0 £ 2 + 60 x 2 ) 2 
T O O q a - , c o s qt 3 
+ ^ (40£ - 601 x + 20 x ) (120 x ) ] [— = ] 
2 11 £ 5 
[ c o ^ _ a t ] [ 2 Q £ 3 x 2 _ 1 Q £ 2 x 3 + x 5 ] 
11 £ b 
dx dt = 0 
An evaluation of the displacement terms results in 
27T 
. < 1 
o 
4 2 4 1 2 
[ 3 . 1 1 6 - 0 . 2 5 2 A P £ ] -± cos q t 
£3 
1 4 
6K[4.91 + 0.165] -=- cos qt 
£ 
dt = 0 
Evaluating the time functions, we arrive at 
9 u u 1 TT 
[3.116 - 0.252 q A £ ] -±- (-) 
£3 q 
(30.450)K-i(|l) = 0 
1 TT 
Dividing the above equation by [3.116 — (—•)] , we get 
n3 q 
0.252 2 4 4 1 
£ 
from which we obtain the natural frequency of the non-linear system 
2 12.36 
^ A4 





q = P [1 
7.32K - k 
£ 
(4.37) 
which for K = 0 presents the linearized result- For increasing values 
of the amplitude, the frequency decreases. 
4.3.3 Non-Linear Curvature and Linearized Stress-Strain Relation 
Following the same procedure used in the previous section, we 
have the approximate solution 
yn = —^-=- [cos qt] [20£
3 x2 - 10£2 x3 + x5] 
1 11£5 





iv 4 .. 
y + A y (f ylv y'2 + 9 y' y" y m + 3y"3) 
,15 IV .4 45 ,3 ... „ 45 ,2 „3. 
+ (__ y yt • + _ _ yt yIM yl. + _ _ y t yt. ) 
^ ^ (20£3 x2 - 10£2 x3 + x5) 
. ̂  J 
dx dt = 0 
An evaluation of the displacement functions results in 
2TT 
r Cl - 4 t r i 7¥ (3-116) oos2 qt 
£ 
- [|- ( 5 . 3 9 3 ) + 9 ( 0 . 4 3 4 3 ) + 3 ( 9 . 2 2 3 4 ) ] - ^ cos*4 q t 
2 £ b 
66 
+ [̂ - (93.14) + —-(393.89) + ̂ - (-295.96)] -± cos6 qt 8 2 2 £7 
dt 
When time functions are evaluated, we arrive at 
[1 -
2 a a 
\ ] [ -4 (3 .116) - ] - [39.6684] [ ~ ( ^ i ) ] 2 ,3 q „5 4 q 
£ I 
+ [2288.05] [ ~ ( T - ) ] = 0 
1 • 7 T • 
Dividing the above equation by [—— (3.116) (—)] we obtain 
I6 q 
2 4 
2 a a 
1 - %r = 12.73 ~ - 367.14 -=-
P iT £ 
from which we have 
2 4 
a a 




Again the frequency is lower the larger the amplitude. 
4.3.4 Non-Linear Curvature and Non-Linear Stress-Strain Relation 
Applying the same approximate solution already derived 
y = — ^ - cos qt [20J£3 x 3 - 10£2 x 3 + x 5 ] 
1 11JT 
67 
and making use of Galerkin's variational method, we arrive at 
£ q 
J J [Terraŝ  already evaluated] 
o o 
+ K[27 y'2 y" y"'2 + ̂ y ' 2 y1V y"2 + 63 yf y"3 y'» + 9 y"5] 




Here the additional term is K[1449.4-0] — (y~) which, if divided by 
a £ q 




232.57 K ~ 
£6 
Thus, the complete frequency equation will be 
2 4 2 
2 a a a 
1 - %r - 12.73 ~ + 367.14- -=- - 7.32 K -£• 
P £ £ £ 
4 
ai + 232.57 K -=- = 0 , or 
£6 
o 2 4 
2 a a 
%- = 1 - 12.73 -=-+ 367.14 —- (4.39) 
P2 £2 £^ 
2 4 
Sl dl 





RESULTS AND CONCLUSIONS 
5.1 Results 
The frequency equations obtained in Chapter IV are tabulated 
below. Response curves for the simply supported beam and the canti-
lever beam are shown in Figures 11 and 12. These curves are plotted 
from the numerical example given in the Appendix. 
An evaluation of the results reveals the following: 
1. The natural frequency of the non-linear system depends on 
the amplitude. 
2. The observed behavior of the system exhibits many of the 
well-known characteristics of a soft spring. 
3.. For a cantilever, the effect of stress-strain non-linearity 
is less than the effect of the added non-linear terms connected with 
the curvature. The curvature has a great effect in determining the 
shape of the frequency curves whereas the assumed stress-strain relation 
has a small effect. 
4-. For simply supported beams, the situation is different. The 
influence of stress-strain non-linearity is larger than that of the 
curvature. 
5. The influence of curvature non-linearity on the frequency 
has a greater effect on the cantilever beam, than It does on the simply 
supported beam. 




















n = 1 - 54.78 K —• 
£ 
2 4 
2 ai ai 
n ' = 1 - 2.77 — + 11.40 — • 
£ £ 
2 4 
2 al ai 
n = 1 - 2.77 — + 11.40 ~ 
£ £ , 
o 4 
ai ai 







n = 1 - 7.32 K -p 
£^ 
2 4 
2 ai al 
n = 1 - 12.73 -±- + 367.14 -™ 
£ £ 
2 4 
2 ai ai 
T) = 1 - 12.73 -±- + 367.14 -=-
r £H 
^ 4 a a^ 
- 7.32 K — + 232.57 K — 
£^ £ 6 
Q 4 p . 
n - ~ X = ~ 3, Arbitrary Amplitude 




Linearized curvature and non-linear 
stress-strain relation (y - 10000) 
Non-linear curvature and linearized 
stress-strain relation 
Non-linear curvature and non-linear 
stress-strain relation 
(y = 10000) 
0.9970 





Cross-Sectional Dimensions — x — 
4 4 
1.0 
Figure 11. Response Curves for the Simply Supported Beam. 
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Beam Length 20 in, 
Figure 12. Response Curves for the Cantilever Beam 
-j 
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6. The effect of fifth order terms in the non-linear differential 
equation of motion resulted in a very small contribution to the frequency 
deviations. 
5.2 Conclusions 
1. By a simple approximate variational method, one is able to 
determine the non-linear natural frequency of the system. 
2. The behavior of beams in lateral bending vibrations exhibits 
a softening characteristic; indicating a decrease of the natural fre-
quency with increasing amplitude. 
3. The resulting non-linearity due to curvature and stress-strain 
relation has a favorable influence on the frequency-amplitude curve in 
that it limits the infinite amplitude predicted by the linear theory. 
M-. No experimental verification of the results is available. 






In order to illustrate the relation between the natural frequency 
and the arbitrarily chosen amplitude, let us assume the following data: 
Beam Cross-Sectional Dimensions 0.25" x 0.25" 
Beam Length: 
Simply Supported 40" 
Cantilever 20" 
Specific Weight of Beam 490 lbs/c ft 
Mechanical Properties: 
Tensile Strength 60 x 10 psi 
3 Compression Strength 60 x 10 psi 
6 
Modulus of Elasticity 30 x 10 psi 
Stress-strain curve is shown in Figure 13. 
From the above data, the following is calculated: 
Beam Cross-Sectional Area 0.0625 sq in 
Weight of Beam Per Unit Length 0.01771875 lbs/in 
2 2 
Mass of Beam per Unit Length 0.00004585 lb sec /in 
Li 
r ? (0 2 5 ) 4 
I = jZ dA = it J = 0.00032552 in 
J 12 
/• 4 f0.25) 6 
J = JZ dA = ^ = 0.00000305 in 
o 0 
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X " EI " 
-8 2 -. 4 
0.4695 x 10 sec /in 





0.001 0.002 Strain 
Figure 13. Stress-Strain Diagram 
o = E(£-ye ) , or 
C Q 
59900 = 30 x 10 [0.002 - y(0.002) ] 
From which we obtain y = 555.66 
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For y = 555.66, we have 
E J _ EyJ _ yJ 
EI ~ EI ~ I 
5.206 
For this study, we are going to consider various values of y 
For each value of y, K is determined. 
Calculation of P 
1. Simply Supported Beam 
p2 = 97^39 = 
^ A4 
P •= 90 rado per sec, 
77 
2, Cantilever Beam 
p2 = 12^35 = 
4 4 
I A 
P= 128.3 rad.per sec. 
Calculation of q 
The next few pages cover the procedure for determining the ratio 
q to P for the simply supported beam and the cantilever beam. 
Simply Supported Beam Linearized Curvature and 









£4 Y = 500 1000 5000 10000 
in. i n " 8 x 10 x 10 " -8 
0 0 0 0 0 0 
0.2 1.56 400 801 4000 8010 
0.4 6 = 25 1603 3207 16030 32070 
0.6 14.06 3608 7217 36080 72170 
0 .8 25.00 6415 12831 64150 128310 
1.0 39.06 10024 20049 100240 200490 
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Simply Supported Beam 




y = 500 1000 5000 10000 
in. 
0 1.0 1.0 1.0 1.0 
0.2 0.99999600 0.99999199 0.99995991 0.99991981 
0.4 0.99998397 0.99996793 0.99983961 0.99967921 
0.6 0.99996392 0.99992783 0.99963911 0.99927822 
0.8 0.99993585 0.99987169 0.99935842 0.99871684 
1.0 0.99989976 0.99979951 0.99899753 0.99799506 
n 
Amplitude 
Y = 500 1000 5000 10000 
In. 
0 1.0 1.0 1.0 1.0 
0.2 0.99999799 0.99999599 0.99997995 0.99995990 
0.4 0.99999198 0.99998396 0.99991980 0.99983959 
0.6 0.99998329 0.99996391 0.99982048 0.99963904 
0.8 0.99996792 0.99993584 0.99967915 0.99935821 
1.0 0.99994987 0.99989974 0.99950172 0.99899702 
0.9960 0.9970 0.9980 0.9990 1.0 
n 
Figure 14. Simply Supported Beam—Response Curves for Linearized Curvature 
and Non-Linear Stress-Strain Relation. 
CD 
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Simply Supported Beam 





































































0 1.0 1.0 
0.2 0.99993076 0.99996535 
0.4 0.99972311 0.99986154 
0.6 0.99937732 0.99968861 
0.8 0.99889382 0.99944675 
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Figure 15. Simply Supported Beam--Response Curve for Non-Linear Curvature 





Simply Supported Beam 
Non-Linear Curvature and Non-Linear Stress-Strain Relation 
Amplitude 






2672.16 K -i 
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0 0 0 0 
0.48 0.97 4.86 9.72 
7.82 15.64 78.24 156.48 
39.60 79.21 396.06 792.13 
1.25.18 250.37 1251.85 2503*70 












.16K - | > 
£6 
Amplitude 
Y = 500 1000 5000 10000 
in. x 10"8 
0 0 0 0 0 
0.2 7323 7724 10920 14925 
0.4 29285 30881 43641 59603 
0.6 65837 69406 97952 113638 
0.8 116908 123199 173517 236425 
1.0 182399 192118 269864 367058 
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Simply Supported Beam 
Non-Linear Curvature and Non-Linear Stress-Strain Relation 
Amplitude 
n2 
Y = 500 1000 5000 10000 
in. 
0 1.0 1.0 1.0 1.0 
0.2 0.99992677 0.99992276 0.99989080 0.99985075 
0.4 0.99970715 0.99969119 0.99956359 0.99940397 
0.6 0.99934163 0.99930594 0.99902048 0.99886362 
0.8 0.99883092 0.99876801 0.99826483 0.99763575 
1.0 0.99817601 0.99807882 0.99730136 0.99632942 
Amplitude 
n 
y = 500 1000 5000 10000 
in. 
0 .1.0 1.0 1.0 1.0 
0.2 0.-99996338 0.99996137 0.99994539 0.99992537 
0,4 0.99985356 0.99984558 0.99978177 0.99970194 
0.6 0.99967076 0.99965290 0.99951012 0.99947851 
0.8 0.99941528 0.99938381 0.99913203 0.99881717 
1.0 0.99908758 0.99903894 0.99864976 0.99816302 
1.0 
0.9960 0.9970 0.9980 
n 
0.9990 1.0 
Figure 16. Simply Supported Beam—Response Curves for Non-Linear Curvature 












.32 K — 
I 
a * 4 y - 500 1000 5000 10000 
in. x 10"6 X io-6 
0 0 0 0 0 0 
0.2 0.25 8.5731 17.1462 85.7310 171c.4620 
0.4 1.00 34.2927 68.5854 342.9270 685.8540 
0.6 2.25 77.1586 154.3172 771.5860 1543.1720 
0.8 4.00 137.1709 274.3418 1371,7090 1543.1720 
1.0 6.25 214.3294 428.6588 2143*2940 4286.5880 
n2 
Amplitude 
y = 500 1000 5000 10000 
in. 
0 1.0 1.0 1.0 1.0 
0.2 0.99999143 0.99998286 0.99991427 0.99982854 
0.4 0.99996571 0.99993142 0.99965708 0.99931415 
0.6 0.-99992285 0.99984569 0.99922842 0.99845683 
0.8 0.99986283 0.99972566 0.99862830 0.99725659 
1.0 0.99978568 0.99957135 -.0.99785671 0.99571342 
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Cantilever Beam 
Linearized Curvature and Non-Linear Stress-Strain Relation 
n 
Amplitude 
Y = 500 1000 5000 10000 
in. 
0 1.0 1.0 1.0 1.0 
0.2 0*99999571 0.99999142 0.99999245 0.99991426 
0.4 0.99998285 0.99996570 0.99982852 0.99965701 
0.6 0.99996142 0.99992284 0.99961525 0.99922843 
0.8 0.99992885 0.99986282 0.99931430 0.99863439 
1.0 0.99989283 0.99978565 0.99893053 0.99785440 
1.0 
0.9960 0.9970 0.9980 
n 
0.9990 1.0 
Figure 17.- Cantilever Beam—Response Curves for Linearized Curvature 

































x 10 x 10"8 x 10~4 x 10"8 x 10"8 
0 0 0 j 0 0 0 
0.2 1 1 12 367.14 119633 
0.4 4 16 50 5874.24 494126 
0.6 9 81 114 •29.738.34 1110262 
0.8 16 256 203 93987.84 1936013 
1.0 25 625 318 229462.50 2950538 
Amplitude Tl2 n 
0 1.0 1.0 
0.2 0.99880367 0.99940165 
0,4 0.99505874 0.99752632 
0.6 0.98889738 0.99443319 
0.8 0.98063987 0.99027262 
1.0 0.97049462 0.98513685 
1.0 
0,9600 0.9700 0.9800 
T] 
0.9900 1.0 
Figure 18. Cantilever Beam—Response Curve for Non-Linear Curvature 















a i £6 y •= 500 1000 5000 10000 
in. x 10- 1 0 x 10- 1 0 
0 0 0 0 0 0 
0.2 0.25 272.38 544.77 2723.85 5447.71 
0.4 4.00 4358.17 8716.35 43581.75 87163.51 
0.6 20.25 22063.26 44126.52 220632.64 441265.28 
0.8 64.00 69730.81 139461.62 697308.11 1394616.23 
1.0 156.25 170241.24 340482.48 1702412.40 3404824.80 
Amplitude 
I {-12 
2 4 2 
a a a 
73 - | + 367.14 -i- -7.32K ~ + 232 
4 
ai 
57K -i- } 
I6 
y = 500 1000 5000 10000 
in. x 10"8 
0 0 0 0 0 
0.2 120488 121342 128179 126725 
0.4 497512 500897 527983 561840 
0.6 1117757 1125252 1185214 1260167 
0.8 1949033 1962053 2066210 3196418 
1.0 2970268 2989998 3147843 3345148 
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Cantilever Beam 
Non-Linear Curvature and Non-Linear Stress-Strain Relation 
n2 
• ' " • • • • - • 
Amplitude 
Y = 500 1000 5000 10000 
in. 
0 1.0 1.0 1.0 1.0 
0.2 0.99879512 0.99878658 0.99871821 0.99873275 
0.4 0.99502488 0.99499102 0.99472017 0.99438150 
0.6 0.98882243 0.98874748 0.98814785 0.98739833 
0.8 0.98050967 0.98038947 0.97933790 0.96803582 
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11 
Amplitude 
Y '= 500 1000 5000 10000 
in. 
0 1.0 1.0 1.0 1.0 
0.2 0.99939737 0.99939310 0.99935910 0.99936617 
0.4 0.99750933 0.99749251 0.99735659 0.99718679 
0.6 0.99439550 0.99435782 0.99405626 0.99367918 
0.8 0.99020688 0.99014618 0.98961502 0.98888811 
1.0 0.98503670 0.98493655 0.98413493 0.98313199 
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Figure 19. Cantilever Beam—Response Curves for Non-Linear Curvature 
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